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Preface 

T h e a l m o s t 300 yea r h i s t o r y of t h e ca l cu lus of v a r i a t i o n s involves t h e n a m e s 
of m a n y o u t s t a n d i n g m a t h e m a t i c i a n s of t h e p a s t . T h e s u b j e c t h a s b e e n t r e a t e d in 
a n u m b e r of exce l len t m o n o g r a p h s . T h e f o u n d a t i o n s of t h i s sc ience s e e m e d t o b e 
f i rmly e s t a b l i s h e d a n d s u b j e c t t o n o rev i s ion . However , t h i s p r o v e d t o b e n o t q u i t e 
so. 

A b o u t 40 y e a r s ago t h e r e e m e r g e d a n e w sc ience , o p t i m a l c o n t r o l t heo ry , wh ich 
dea l s w i t h m o r e c o m p i c a t e d p r o b l e m s t h a n t h o s e in t h e ca l cu lu s of v a r i a t i o n s . T h e 
n e w ideas a n d m e t h o d s of o p t i m a l c o n t r o l p r o v i d e d u s w i t h a n e w o u t l o o k o n i t s 
p r edeces so r , t h e ca l cu lu s of v a r i a t i o n s . T h i s was o n e of t h e s t i m u l a t i n g r e a s o n s for 
t h e a u t h o r s t o w r i t e t h i s b o o k . 

Like t h e m a j o r i t y of t r e a t i s e s o n t h e ca l cu lu s of v a r i a t i o n s a n d o p t i m a l con t ro l , 
o u r b o o k b e g i n s w i t h f o r m u l a t i n g t h e p r o b l e m a n d d e t e r m i n i n g t h e c lass of var ia 
t i o n s t o b e c o n s i d e r e d in t h e s u b s e q u e n t t heo ry . T h e key c o n c e p t in o u r s e t u p is t h a t 
of a c o n t r o l s y s t e m . T h e p r i n c i p a l t y p e of c o n t r o l v a r i a t i o n s a r e s p i k y v a r i a t i o n s , 
i.e., v a r i a t i o n s t h a t t a k e nonneg l ig ib l e va lues o n a se t of sma l l m e a s u r e . 

T h e s e v a r i a t i o n s l ead t o t h e n o t i o n of m i n i m u m t h a t is s t r o n g e r t h a n a w e a k 
m i n i m u m u s u a l l y c o n s i d e r e d in t h e ca l cu lu s of v a r i a t i o n s ; we refer t o i t as a P o n -
t r y a g i n m i n i m u m . B o t h c o n c e p t s , t h e c o n t r o l s y s t e m a n d P o n t r y a g i n m i n i m u m , 
o r i g i n a t e f rom o p t i m a l c o n t r o l . T h e i r f o r m u l a t i o n is fair ly s i m p l e a n d r e q u i r e s n o 
p r e l i m i n a r y k n o w l e d g e . 

W e specify a c lass of p r o b l e m s , r e l a t e d t o a n a r b i t r a r y c o n t r o l s y s t e m , w h o s e 
p r o p e r t i e s a r e s imi la r t o t h o s e of p r o b l e m s in t h e ca l cu lu s of v a r i a t i o n s . W e refer 
t o t h e s e p r o b l e m s as p r o b l e m s of t h e ca l cu lu s of v a r i a t i o n s , a l t h o u g h fo rmal ly t h e y 
a r e m o r e g e n e r a l a n d al low u s t o i l l u s t r a t e t h e o r e t i c a l d e v e l o p m e n t s b y e x a m p l e s 
f rom o p t i m a l c o n t r o l . 

W e exp lo re t h e i n t e r a c t i o n b e t w e e n t h e i dea s of t h e ca l cu lu s of v a r i a t i o n s a n d 
o p t i m a l c o n t r o l w i t h i n t h e f r a m e w o r k of t h i s c lass of p r o b l e m s . T h e f u n d a m e n t a l 
c o n c e p t s of t h e ca l cu lu s of v a r i a t i o n s s u c h as a n e x t r e m a l , a field of e x t r e m a l s , 
t h e s e c o n d v a r i a t i o n of a func t iona l , q u a d r a t i c c o n d i t i o n s , a r e r e l a t e d t o a w e a k 
m i n i m u m . W e s t u d y h o w t h e s e c o n c e p t s t r a n s f o r m w h e n we a p p l y t h e m t o a 
P o n t r y a g i n m i n i m u m a n d deve lop t h e t h e o r y of P o n t r y a g i n m i n i m u m for p r o b l e m s 
of t h e ca l cu lu s of v a r i a t i o n s . I t t u r n s o u t t h a t a P o n t r y a g i n m i n i m u m al lows u s t o 
c o n s t r u c t a d e e p e r a n d m o r e n a t u r a l t h e o r y t h a n a w e a k m i n i m u m . I n p a r t i c u l a r , it 
r e q u i r e s weake r s m o o t h n e s s a s s u m p t i o n s . Moreover , t h i s t h e o r y is se l f -consis tent , 
a n d we d a r e t o r e c o m m e n d o u r b o o k as a n i n t r o d u c t i o n t o t h e ca l cu lu s of v a r i a t i o n s . 
O n t h e o t h e r h a n d , t h e b o o k p r o v i d e s a g o o d i n t r o d u c t i o n t o o p t i m a l con t ro l . 

T h e b o o k is access ible t o g r a d u a t e s t u d e n t s in m a t h e m a t i c s a n d c a n b e rec
o m m e n d e d t o all of t h o s e w h o u s e e x t r e m u m t h e o r y in t h e i r r e s ea r ch or a p p l i e d 
s t u d i e s . W e h o p e t h a t i t will b e of i n t e r e s t t o m a t h e m a t i c i a n s w o r k i n g in e x t r e m u m 
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t h e o r y d u e t o t h e n o v e l t y of m a t e r i a l a n d t h e poss ib i l i t y t o e x t e n d t h e r e s u l t s t o 
a w i d e r v a r i e t y of p r o b l e m s . Moreove r , t h e b o o k c a n b e u s e d for t e a c h i n g cour ses 
in t h e ca l cu lu s of v a r i a t i o n s a n d o p t i m a l c o n t r o l . I n fact , i t s first ve r s ion e m e r g e d 
f rom s u c h cour ses t a u g h t b y t h e a u t h o r s a t M o s c o w S t a t e U n i v e r s i t y in t h e 1980s. 

W e a re t h a n k f u l t o V . M . T i k h o m i r o v a n d S. I. G e l f a n d w h o s u g g e s t e d t h a t 
we w r i t e t h e b o o k a n d a s s i s t ed in a c c o m p l i s h i n g t h i s t a s k . W e a re g ra te fu l t o t h e 
A m e r i c a n M a t h e m a t i c a l Soc ie ty for t h e p u b l i c a t i o n of o u r b o o k . W e e x p r e s s o u r 
g r a t i t u d e t o D . M . C h i b i s o v w h o t r a n s l a t e d t h e b o o k i n t o E n g l i s h . T h e a u t h o r s 
t h a n k t h e G . Soros C u l t u r a l I n i t i a t i v e F o u n d a t i o n a n d t h e R u s s i a n F o u n d a t i o n for 
F u n d a m e n t a l R e s e a r c h for s u b s t a n t i a l f inancia l s u p p o r t . 

A . A. M i l y u t i n 
N . P. Osmolovsk i i 



Introduction 

I n t h i s b o o k we cons ide r a c lass of o p t i m a l c o n t r o l p r o b l e m s w h o s e c h a r a c t e r i s t i c 
f ea tu re s a r e a s i m p l e a n d conven i en t form of c o n s t r a i n t s , t h e p r e s e n c e of a c o n t r o l 
s y s t e m , as well as t h e fact t h a t we d o n o t dea l w i t h t h e t y p e of c o n s t r a i n t s t h a t 
r e q u i r e t h e c o n t r o l t o b e l o n g t o a c losed se t . A l t h o u g h t h i s c lass of p r o b l e m s d o e s 
n o t fit i n t o t h e f r amework of t h e c a l c u l u s of v a r i a t i o n s , i t c a n b e r e s t a t e d in t h e 
g e n e r a l form of a ca l cu lu s of v a r i a t i o n s p r o b l e m . T h i s a l lows u s t o use t h e i dea s 
of b o t h t h e c a l c u l u s of v a r i a t i o n s a n d o p t i m a l c o n t r o l t o t h e s t u d y of t h i s c lass . 
A m o n g s imi la r c lasses t h e o n e we cons ide r is t h e m o s t gene ra l . 

I t is well k n o w n t h a t ba s i c c o n c e p t s of t h e ca l cu lu s of v a r i a t i o n s a r e r e l a t e d t o 
t h e t y p e of m i n i m u m w h i c h is u s u a l l y re fe r red t o as a w e a k m i n i m u m , whi le o p t i m a l 
c o n t r o l t h e o r y dea l s w i t h a s t r o n g e r t y p e of m i n i m u m , w h i c h we call a P o n t r y a g i n 
m i n i m u m . I n t h e b o o k we d e v e l o p t h e t h e o r y of P o n t r y a g i n m i n i m u m for t h e c lass 
of p r o b l e m s u n d e r c o n s i d e r a t i o n . T h i s t h e o r y involves t h e c o n c e p t s a n d a p p r o a c h e s 
s imi la r t o t h o s e in t h e t h e o r y of w e a k m i n i m u m in t h e ca l cu lus of v a r i a t i o n s h a v i n g 
a t t h e s a m e t i m e c e r t a i n a d v a n t a g e s over t h e l a t t e r . A c t u a l l y we set o u t a n e w 
ca l cu lu s c o r r e s p o n d i n g t o t h e n e w t y p e of m i n i m u m , w h i c h e m p l o y s t h e n o t i o n s of 
t h e H a m i l t o n i a n a n d q u a d r a t i c fo rm different f rom t h o s e in t h e c lass ical c a l cu lu s 
of v a r i a t i o n s . T h e s e n o t i o n s t a k e t h e i r o r ig in in o p t i m a l c o n t r o l t h e o r y . 

O u r a p p r o a c h t o t h e t h e o r y of P o n t r y a g i n m i n i m u m is b a s e d o n t h e b l e n d 
of i dea s of t h e ca l cu lu s of v a r i a t i o n s a n d o p t i m a l c o n t r o l . O w i n g t o t h i s o r ig ina l 
a p p r o a c h , p r a c t i c a l l y all t h e m a t e r i a l of t h e b o o k is n e w . 

W e h o p e t h a t o u r a p p r o a c h will c o n t r i b u t e t o b o t h t h e ca l cu lu s of v a r i a t i o n s 
a n d o p t i m a l c o n t r o l t heo ry . 

For b e t t e r i n t u i t i v e u n d e r s t a n d i n g of t h e "phys ica l " n a t u r e of m a t h e m a t i c a l 
c o n c e p t s , t h e r e a d e r n o t fami l ia r w i t h t h e s u b j e c t m a y n e e d m o r e e x a m p l e s , i l lus
t r a t i o n s a n d e x p l a n a t i o n s . W e d id n o t i nc lude such i n t r o d u c t o r y m a t e r i a l i n t o t h i s 
b o o k , b e c a u s e it is well p r e s e n t e d in m a n y cour ses on t h e ca l cu lu s of v a r i a t i o n s a n d 
o p t i m a l c o n t r o l (see, e.g., [ 2 , 3 , 4 , 5 , 6 , 8 , 9 , 1 0 , 1 1 , 1 2 , 1 7 , 1 8 , 2 0 , 2 1 , 2 3 , 
2 4 , 2 7 , 3 1 , 3 2 , 3 3 ] ) . O t h e r w i s e t h e b o o k is se l f -con ta ined , a n d we d o n o t a s s u m e 
t h e r e a d e r t o h a v e a n y p r e l i m i n a r y k n o w l e d g e in t h i s a r e a . 

Now we d e s c r i b e t h e c lass of p r o b l e m s t o b e d e a l t w i t h a n d give a def in i t ion of 
P o n t r y a g i n m i n i m u m . 

W e cons ide r t h e p r o b l e m s w h i c h c a n b e r e d u c e d t o t h e following form: 

(1) 

(2) 

(3) 

(4) 

J ( X 0 , T 0 ; A ; I , T I ) —> m i n , 

F(xo,t0;xi,ti) < 0 , K(x0,t0;x1,t1) = 0 , 

x = f(x,u,t), 

( Ж , u,t) e Q, 

g(x, u, t) = 0 . 

L 
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H e r e Q is a n o p e n set in t h e s p a c e of t r i p l e s (x,u,t). T h e func t ions / a n d g a r e 
def ined o n Q a n d a r e s m o o t h func t ions of t h e i r a r g u m e n t s . T h e func t ions x(t), 
u(t) a r e def ined o n t h e i n t e rva l [ T O , ^ I ] ; x(t) is a b s o l u t e l y c o n t i n u o u s a n d u(t) is 
m e a s u r a b l e . 

C o n d i t i o n (3) is t o b e u n d e r s t o o d in t h e following sense : t h e r e ex i s t s a c o m p a c t 
se t Л4 С Q such t h a t t h e inc lus ion 

(x(t),u(t),t) e M 

h o l d s a l m o s t e v e r y w h e r e o n [ T C B ^ I ] -

F u r t h e r , we p u t XQ = x(to), x\ = x(ti) a n d let J,F,K b e s m o o t h func t ions 
def ined o n a n o p e n se t . 

Moreover , we r e q u i r e t h a t 

r a n k g ' u ( x , u , t) = d(g) for all (x,u,t) G Q s u c h t h a t g(x,u,t) = 0, 

w h e r e d(£) d e n o t e s t h e n u m b e r of c o m p o n e n t s of v e c t o r £. 
T h e p r o b l e m ( l ) - ( 4 ) is s o m e w h a t m o r e g e n e r a l t h a n , for e x a m p l e , p r o b l e m s 

t r e a t e d b y Bl iss in t h e s e c o n d p a r t of h i s b o o k [ 9 ] , s ince h e d o e s n o t cons ide r 
i n e q u a l i t y c o n s t r a i n t s F < 0. 

T h e p r o b l e m ( l ) - ( 4 ) r e s e m b l e s t h e M a y e r p r o b l e m , differing from i t b y cond i 
t i o n (3) . I n t r o d u c i n g t h e se t Q i n t o c o n s i d e r a t i o n p r o v e d t o b e v e r y useful . I t is 
d o n e following o p t i m a l c o n t r o l t heo ry , w h e r e i t w a s i n t r o d u c e d b y A. Ya. D u b o v i t -
skii . 

T h e va r i ab l e s xo, to, x\, t\ a r e ca l led t h e e n d p o i n t va r i ab le s , x is t h e s t a t e 
va r i ab l e , a n d и is t h e c o n t r o l . T h i s t e r m i n o l o g y as well as t h e n o t a t i o n t for t h e 
i n d e p e n d e n t v a r i a b l e i n t e r p r e t e d as t i m e follows o p t i m a l c o n t r o l t heo ry . 

W e be l ieve t h a t t h e p r o b l e m ( l ) - ( 4 ) is s u i t a b l e for t h e use as a c a n o n i c a l 
p r o b l e m . 

T h e s t u d y of t h e p r o b l e m ( l ) - ( 4 ) is c a r r i e d in t w o s t a g e s . F i r s t we t h o r o u g h l y 
t r e a t t h e p r o b l e m o b t a i n e d f rom ( l ) - ( 4 ) b y o m i t t i n g t h e r e q u i r e m e n t (4) . I n o t h e r 
w o r d s , we s t u d y in d e t a i l t h e p r o b l e m ( l ) - ( 3 ) . T h e second s t a g e cons i s t s in r e d u c 
ing t h e p r o b l e m ( l ) - ( 4 ) t o ( l ) - ( 3 ) . T h i s e n a b l e s u s t o c o n s i d e r a b l y s impl i fy t h e 
p r e s e n t a t i o n . T h e following d i scuss ion c o n c e r n s t h e p r o b l e m ( l ) - ( 3 ) . 

As was p o i n t e d o u t , we s t u d y P o n t r y a g i n m i n i m u m , i.e., we t r e a t t h e p r o b l e m 
( l ) - ( 3 ) as a n o p t i m a l c o n t r o l p r o b l e m . B y a P o n t r y a g i n m i n i m u m we m e a n t h e 
following. A t r a j e c t o r y 

(x(t),u(t),t) \ t e ft0,ti], 
sa t i s fy ing t h e c o n s t r a i n t s ( l ) - ( 3 ) is a Pontryagin minimum point if t h e r e is n o 
s e q u e n c e of t r a j e c t o r i e s 

(xn(t),un(t),t)\t n = l , 2 , . . . , 

sa t i s fy ing t h e c o n s t r a i n t s of t h e p r o b l e m a n d s u c h t h a t , as n —> oo, 
(i) TG - > * O , t" —>• T I ; 

(ii) m a x № ) t „ ] n [ f o | f i ] \xn(t)-x(t)\0; 

(iv) t h e r e ex i s t s a c o m p a c t se t Л4 С Q such t h a t for a n y n 

(xn{t),un{t),t) £ M a l m o s t e v e r y w h e r e o n [tr

0\tr{], 

a n d , finally, 
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(v) for a n y n we h a v e 

J ( x n ( ^ ) , t " ; x ™ ( t ™ ) , t " ) < J ( £ ( f 0 ) , * U ; * ( * I ) , * I ) . 

As is well k n o w n , t h e m a i n n e c e s s a r y c o n d i t i o n for A P o n t r y a g i n m i n i m u m is 
P o n t r y a g i n ' s m a x i m u m p r inc ip l e . H e n c e i t is n a t u r a l t h a t t h e m a x i m u m p r inc ip l e 
a p p e a r s t h r o u g h o u t t h e b o o k a n d e n t e r s v i r t u a l l y e v e r y def in i t ion . W e will p r e s e n t 
i t s p roo f for t h e p r o b l e m ( l ) - ( 3 ) in § 7 of P a r t 1. 

T h e b o o k is d i v i d e d i n t o t w o p a r t s . I n t h e first p a r t we s t u d y t h e q u e s t i o n s 
a r i s ing f rom t h e t r e a t m e n t of t h e c o n t r o l s y s t e m w h i c h d e t e r m i n e s t h e p r o b l e m . 
For t h e p r o b l e m ( l ) - ( 3 ) t h e c o n t r o l s y s t e m cons i s t s of e q u a t i o n (2) a n d c o n d i t i o n 
(3) . For t h e p r o b l e m ( l ) - ( 4 ) it cons i s t s of e q u a t i o n (2) a n d c o n d i t i o n s (3) , (4) . T h e 
m a x i m u m pr inc ip l e n a t u r a l l y l e ads t o t h e n o t i o n s of t h e H a m i l t o n i a n a n d e x t r e m a l s 
of t h e c o n t r o l s y s t e m . T h e r e l a t i o n s h i p b e t w e e n t h e m will b e s t u d i e d in d e t a i l . 

T h e H a m i l t o n i a n d e t e r m i n e s t h e H a m i l t o n - J a c o b i e q u a t i o n . W e s t u d y t h e 
r e l a t i o n s h i p b e t w e e n i t s s o l u t i o n s a n d t h e e x t r e m a l s of t h e c o n t r o l s y s t e m a n d 
e s t a b l i s h t h e r e l a t e d sufficient c o n d i t i o n s for A s t r o n g m i n i m u m . T h e s e c o n d i t i o n s 
a r e n e w for t h e c lass ical c a l cu lu s of v a r i a t i o n s as well as for o p t i m a l c o n t r o l . 

A l o n g w i t h t h e m a t e r i a l e x p o s e d in t e r m s of t h e c lass ical c a l cu lu s of v a r i a t i o n s 
we p r e s e n t s o m e t o p i c s in o p t i m a l c o n t r o l r e l a t e d t o t h e p r o b l e m ( l ) - ( 3 ) . T h i s is 
jus t i f ied b y t h e fact t h a t t h e p r o b l e m ( l ) - ( 3 ) , as we p o i n t e d o u t a b o v e , is t r e a t e d 
v i r t u a l l y as a n o p t i m a l c o n t r o l p r o b l e m . W e i n c l u d e d a s u b j e c t f rom o p t i m a l c o n t r o l 
c o n c e r n i n g t h e r e l a t i o n s h i p b e t w e e n t h e t r a j e c t o r i e s of t h e c o n t r o l s y s t e m a n d t h o s e 
of i t s convexi f ica t ion , as well as b e t w e e n t h e e x t r e m a l s of t h e c o n t r o l s y s t e m a n d 
t h o s e of i t s convexi f ica t ion . Moreover , for t h e c o n t r o l s y s t e m of t h e fo rm ( 2 ) - ( 3 ) we 
p r e s e n t t h e inva r i ance t h e o r y of e x t r e m a l s , wh ich w a s d e v e l o p e d in o p t i m a l c o n t r o l 
b y A . A . M i l y u t i n . 

W e e n d t h e first p a r t b y d e s c r i b i n g t h e t e c h n i q u e w h i c h is u s e d t o r e d u c e t h e 
p r o b l e m ( l ) - ( 4 ) t o t h e p r o b l e m ( l ) - ( 3 ) . T h i s e n a b l e s u s t o c a r r y over all t h e r e s u l t s 
m e n t i o n e d a b o v e t o t h e p r o b l e m ( l ) - ( 4 ) . I t is n o t e w o r t h y t h a t t h e r e s u l t s d o n o t 
d e p e n d on t h e p a r t i c u l a r r e a l i z a t i o n of t h i s t e c h n i q u e . ( T h i s t e c h n i q u e co u l d b e 
successful ly a p p l i e d t o t h e m a t e r i a l of t h e s e c o n d p a r t as well .) 

T h e first p a r t c o n t a i n s a n a l o g u e s of a l m o s t e v e r y t h i n g in t h e c lass ica l c a l cu lu s of 
v a r i a t i o n s , e x c e p t for t h e t h e o r e m of E . N o e t h e r . T h i s g a p co u l d eas i ly b e filled, b u t 
we left it o u t b e c a u s e s o m e i m p o r t a n t a s p e c t s of N o e t h e r ' s t h e o r e m a re c o n t a i n e d 
in t h e f o r m u l a t i o n of t h e m a x i m u m p r inc ip l e . 

T h e s e c o n d p a r t dea l s w i t h q u a d r a t i c c o n d i t i o n s for a P o n t r y a g i n m i n i m u m in 
t h e p r o b l e m s ( l ) - ( 3 ) a n d ( l ) - ( 4 ) . 

S imi l a r ly t o t h e q u a d r a t i c c o n d i t i o n s in t h e c lass ica l c a l c u l u s of v a r i a t i o n s , 
t h e q u a d r a t i c c o n d i t i o n s for A P o n t r y a g i n m i n i m u m p r e s e n t e d i n t h e b o o k cons i s t 
of n e c e s s a r y a n d sufficient c o n d i t i o n s , w i t h sufficient c o n d i t i o n s o b t a i n a b l e from 
t h e n e c e s s a r y ones b y t h e i r s i m p l e a n d n a t u r a l s t r e n g t h e n i n g . As in t h e c lass ical 
c a l cu lu s of v a r i a t i o n s , t h e q u a d r a t i c c o n d i t i o n s for a P o n t r y a g i n m i n i m u m a re s t a t e d 
in t e r m s of q u a d r a t i c forms; however , t h e y h a v e m o r e c o m p l e x s t r u c t u r e a n d u s e 
a different i n t e r p r e t a t i o n of t h e L e g e n d r e c o n d i t i o n s . T h e q u a d r a t i c forms b e c o m e 
m o r e c o m p l i c a t e d b e c a u s e t h e y h a v e t o p r o v i d e for e x t r e m a l s w i t h a d i s c o n t i n u o u s 
c o n t r o l func t ion , t h e r e q u i r e m e n t a b s o l u t e l y i n d i s p e n s a b l e for o p t i m a l c o n t r o l . T h e 
s e c o n d p a r t c o n t a i n s t h e r e s u l t s b y Osmolovsk i i [ 2 8 — 3 0 ] o n q u a d r a t i c c o n d i t i o n s 
in o p t i m a l c o n t r o l a d a p t e d t o t h e p r o b l e m s ( l ) - ( 3 ) a n d ( l ) - ( 4 ) . As c o m p a r e d t o 
t h e g e n e r a l case , t h e s e p r o b l e m s al low for A m u c h s imp le r t r e a t m e n t , r e t a i n i n g 
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n e v e r t h e l e s s m a n y p r i n c i p a l a s p e c t s . T h e r e f o r e t h e s e c o n d p a r t m a y serve as a n 
i n t r o d u c t i o n t o t h e t h e o r y of q u a d r a t i c c o n d i t i o n s in o p t i m a l c o n t r o l p r o b l e m s . 

B y s t r e n g t h e n i n g sufficient q u a d r a t i c c o n d i t i o n s for a P o n t r y a g i n m i n i m u m 
we o b t a i n sufficient c o n d i t i o n s for a s t r o n g m i n i m u m . T h e s e c o n d i t i o n s h a v e n o 
a n a l o g u e s in t h e c lass ical c a l cu lu s of v a r i a t i o n s . 

I n t h e b o o k we cons ide r m a n y p a r t i c u l a r p r o b l e m s . O u r choice of t h e p r o b 
l ems w a s inf luenced b y t h e following t w o r e a s o n s . F i r s t , t h e r e a r e m a n y i n t e r e s t i n g 
p r o b l e m s so lved in o p t i m a l con t ro l , a n d t h e y a r e of m u c h r icher d ive r s i t y t h a n t h e 
p r o b l e m s so lved in t h e c lass ical ca l cu lus of v a r i a t i o n s . Second , m a n y o p t i m a l c o n t r o l 
p r o b l e m s c a n b e r e d u c e d t o t h e fo rm ( l ) - ( 3 ) or ( l ) - ( 4 ) . H e n c e a l m o s t all p r o b 
l ems a r e t a k e n f rom o p t i m a l con t ro l . T h e o n l y p r o b l e m of t h e c lass ical ca l cu lus of 
v a r i a t i o n s w h i c h a p p e a r s t h r o u g h o u t t h e b o o k is t h e f a m o u s i s o p e r i m e t r i c p r o b l e m , 
w h i c h we cons ide r in va r ious s e t t i n g s a n d solve b y different m e t h o d s . T h e p r o b 
l e m s al low u s t o i l l u s t r a t e v a r i o u s effects specific t o o p t i m a l c o n t r o l t heo ry , s u c h as 
s l id ing a n d s i n g u l a r m o d e , a n d swi t ch ing , a n d t o d e m o n s t r a t e t h e t e c h n i q u e s u s e d 
in a n a l y z i n g t h e s e effects. 

M u c h c o n s i d e r a t i o n is g iven t o t h e t i m e - o p t i m a l c o n t r o l p r o b l e m s for l inear 
s y s t e m s w i t h c o n s t a n t coefficients. W e p a y a t t e n t i o n t o r e s u l t s w h i c h h a v e b e e n 
k n o w n for a long t i m e a n d b e c a m e class ical , as well as t o n e w r e s u l t s o b t a i n e d 
whi le w o r k i n g o n t h e b o o k . T h i s c lass of p r o b l e m s p r o v e d t o b e v e r y a p p r o p r i a t e 
for d e m o n s t r a t i o n of h o w t h e m a x i m u m p r inc ip l e is i m p l e m e n t e d , for s h o w i n g h o w 
t h e field t h e o r y is u sed , a n d for i l l u s t r a t i o n of q u a d r a t i c c o n d i t i o n s for a P o n t r y a g i n 
m i n i m u m . A m o n g t h e p r o b l e m s cons ide red , t h e r e a r e p r o b l e m s w h i c h a re b y n o 
m e a n s e a s y a n d w h i c h h a v e n o t b e e n solved before . 

T h e p r o b l e m s m a k e t h e r e a d e r fami l ia r w i t h t h e m e t h o d s u s e d in o p t i m a l con
t ro l . 

T h e B i b l i o g r a p h y c o n t a i n s n o t o n l y t h e p u b l i c a t i o n s re fe r red t o in t h e b o o k , 
b u t a lso t h e m o s t s ignif icant works o n t h e ca l cu lus of v a r i a t i o n s a n d o p t i m a l c o n t r o l . 

T h e t e x t a n d t h e r e su l t s of t h e first p a r t b e l o n g t o A. A. M i l y u t i n , a n d t h o s e 
of t h e s e c o n d p a r t a r e m o s t l y d u e t o N . P . Osmolovsk i i . 



P a r t 1 

F i r s t O r d e r C o n d i t i o n s 



C H A P T E R 1 

Theory of a Weak Minimum for the 
Problem on a Fixed Time Interval 

1. P r o b l e m s o f t h e c a l c u l u s o f v a r i a t i o n s 

C o n s i d e r t h e following p r o b l e m : 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

J(x0,t0; xut{) —> m i n , 

F(x0,t0] a?i,ti )<0 , K(x0,t0] a?i,ti )=0 , 

^ = f{x,u,t), 

(x, u,t) £ Q. 

H e r e (x(t),u(t),t | t £ [to,t-\]) is a t r a j e c t o r y sa t i s fy ing t h e c o n s t r a i n t s (1.2)—(1.4). 
T h e func t ion x(t) £ W1^ is a b s o l u t e l y c o n t i n u o u s o n [ t o , t i ] ; t h e func t ion u(t) £ 
R d ( " ) is b o u n d e d a n d m e a s u r a b l e o n [to, t i ] . Q is a n o p e n se t in R d ( a ; ) + d ( M ) + 1 . T h e 
func t ion / is a sufficiently s m o o t h func t ion def ined o n Q. Fo r t h e first p a r t of t h e 
b o o k i t will b e sufficient t o r e q u i r e t h a t / is c o n t i n u o u s l y d i f ferent iable w i t h r e s p e c t 
t o all i t s va r i ab l e s . B y XQ a n d x\ we d e n o t e x(to) a n d x(t\) r e spec t ive ly . T h e sca l a r 
func t ion J a n d t h e v e c t o r func t ions F £ R d ( F ) a n d К £ R d ( K ) a r e a lso c o n t i n u o u s l y 
d i f ferent iable w i t h r e s p e c t t o t h e i r a r g u m e n t s . 

T h e n o t a t i o n t for t h e i n d e p e n d e n t v a r i a b l e is n o t c o m m o n for t h e ca l cu lu s 
of v a r i a t i o n s ; as a ru le t h i s v a r i a b l e is d e n o t e d b y x. W e w r i t e t b e c a u s e in o p 
t i m a l c o n t r o l t h i s is a c u s t o m a r y n o t a t i o n for t h e i n d e p e n d e n t va r i ab l e , w h i c h is 
i n t e r p r e t e d as t i m e . T h e func t ions J, F, К a r e ca l led endpoint components of the 
problem, a n d xo,to] x\,t\ a r e ca l led endpoint variables. 

If t h e c o n d i t i o n K(xo,to', x\,t\) = 0 u n i q u e l y d e t e r m i n e s t h e va lues of to a n d 
t i , t h e p r o b l e m is re fe r red t o as t h e problem on a fixed time interval. T h i s is t h e 
m o s t i m p o r t a n t k i n d of p r o b l e m in t h e ca l cu lu s of v a r i a t i o n s in t h e sense t h a t a n y 
p r o b l e m in t h e ca l cu lu s of v a r i a t i o n s c a n b e r e d u c e d t o a p r o b l e m w i t h fixed t i m e . 
H e n c e we will first o b t a i n n e c e s s a r y c o n d i t i o n s for t h e p r o b l e m o n a fixed t i m e 
in t e rva l . 

T h e e q u a l i t y (1.3) is a s s u m e d t o ho ld a l m o s t e v e r y w h e r e . I n w h a t follows all 
r e l a t i o n s c o n t a i n i n g m e a s u r a b l e func t ions a n d m e a s u r a b l e s e t s a r e s u p p o s e d t o h o l d 
u p t o a se t of ze ro m e a s u r e . 

F ina l ly , t h e c o n d i t i o n (x,u,t) £ Q for a t r a j e c t o r y (x(t),u(t),t \ t £ [ to , t i ] ) 
m e a n s t h a t t h e c losure in R d ( a ; ) + d ( M ) + 1

 G f i t s r e s t r i c t i o n t o a se t of full m e a s u r e in 
[ to , t i ] lies e n t i r e l y in Q. 

I n o p t i m a l c o n t r o l x is u s u a l l y ca l led t h e state variable a n d и is t h e control. I n 
a gene ra l s e t u p o n e seeks for t h e t i m e in t e rva l [ t o , t i ] , t h e s t a t e va r i ab l e x(t) a n d 
t h e c o n t r o l u(t) def ined o n [ t o , t i ] . I n a p r o b l e m o n a fixed t i m e in t e rva l o n l y t h e 
s t a t e va r i ab l e a n d t h e c o n t r o l a r e t o b e d e t e r m i n e d . 

7 
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2 . T h e p r o b l e m o n a fixed t i m e i n t e r v a l . 
N e c e s s a r y c o n d i t i o n s for a w e a k e x t r e m u m 

Le t (x°(t),u°(t),t I t G [£o\*iD b e a so lu t i on t o t h e p r o b l e m . W e will d i s t in 
g u i s h b e t w e e n t w o t y p e s of m i n i m u m : a w e a k m i n i m u m a n d a P o n t r y a g i n m i n u -
m u m . T h e y c o r r e s p o n d t o t w o t y p e s of v a r i a t i o n s : w e a k v a r i a t i o n s a n d P o n t r y a g i n 
v a r i a t i o n s . T h u s we will o b t a i n c o n d i t i o n s for a w e a k m i n i m u m a n d a P o n t r y a g i n 
m i n i m u m respec t ive ly . W e will a s s u m e t h a t t h e func t ions 

J(x0,t0; F(x0,t0; K(x0,t0; x u t i ) 

a re def ined in a n e i g h b o r h o o d of t h e p o i n t (XQ, tg, x®, t ? ) , w h e r e XQ — X ^ ( t g ) , X ^ — 
x ° ( t ? ) . 

I n a p r o b l e m w i t h fixed t i m e , to a n d t\ m a y b e v iewed as given, a n d we m a y 
a s s u m e t h a t t h e func t ions J,F,K d o n o t d e p e n d o n to a n d t\. I n d o i n g so, we 
will w r i t e s i m p l y to , t i i n s t e a d of tg , t\. T h e func t ion x°(t) sat isfies t h e different ial 
e q u a t i o n , or r a t h e r , t h e s y s t e m of different ial e q u a t i o n s 

^=f(x,u°(t),t) 

a l m o s t e v e r y w h e r e (a.e.) o n [ to , t i ] w i t h in i t i a l c o n d i t i o n s x(to) = XQ. S ince / is 
c o n t i n u o u s l y d i f ferent iable o n Q w i t h r e s p e c t t o i t s va r i ab l e s , t h e s e r e q u i r e m e n t s 
c o m p l e t e l y d e t e r m i n e x°(t), i .e., t h e p a i r (w°( t ) , X G ) u n i q u e l y specifies x°(t). 

Le t u s define a w e a k n e i g h b o r h o o d of a p a i r (u°(t),XQ \ t G [ t g , t i ] ) . Le t p>0. 
W e s a y t h a t a p a i r (u(t),xo \ t G [ to , t i ] ) b e l o n g s t o t h e p-neighborhood of t h e p a i r 
(w°( t ) , XQ) if a n d o n l y if t h e following inequa l i t i e s ho ld : 

(2.1) e s s s u p \u(t) —u°(t)\ < p, \XQ — XQ\ < p. 
te[t0,ti] 

B y def in i t ion , 
e s s s u p ip(t) = inf s u p ip(t), 
te[t0,ti] £ te£ 

w h e r e t h e i n f i m u m is t a k e n over all m e a s u r a b l e s u b s e t s £ of full m e a s u r e of [to, t\]. A 
weak neighborhood ( in t h e sense of t h e ca l cu lu s of v a r i a t i o n s ) is a n y p - n e i g h b o r h o o d 
w i t h p > 0. 

T h i s def in i t ion ag rees w i t h t h e m e a s u r a b i l i t y r e q u i r e m e n t o n u(t) s ince b y t h e 
s t a t e m e n t of t h e p r o b l e m t h e va lues of u(t) o n a se t of ze ro L e b e s g u e m e a s u r e a r e 
i m m a t e r i a l . 

S ince / ( • ) is c o n t i n u o u s l y d i f ferent iable , t h e r e ex i s t s a p° > 0 s u c h t h a t for 
a n y p a i r (U(-),XQ) l y ing in t h e / ^ - n e i g h b o r h o o d of (U°(-),XQ) t h e r e ex i s t s a u n i q u e 
s o l u t i o n of t h e e q u a t i o n 

(2.2) x = f(x,u{t),t) 

sa t i s fy ing t h e in i t i a l c o n d i t i o n 

(2.3) x(t0) = x0. 

There fo re , in t h e / ^ - n e i g h b o r h o o d of (U°(-),XQ) t h e o p e r a t o r 

X I ( W ( - ) , X 0 ) = x(t{) 
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is well d e n n e d , w h e r e x(t) sat isfies t h e e q u a t i o n (2.2) a n d t h e in i t i a l c o n d i t i o n (2.3) 
o n t h e i n t e rva l [ioi*i]- Moreover , t h e o p e r a t o r Xi(u(-),x0) is c o n t i n u o u s l y F r e c h e t 
d i f fe rent iab le in t h e p ° - n e i g h b o r h o o d of (U°(-),XQ). I t s F r e c h e t d e r i v a t i v e a t t h e 
p o i n t (w(- ) ,xo) a c t i n g o n a n a r b i t r a r y e l e m e n t (« ( • ) , жо) is g iven b y t h e fo rmula 

X[(u(-),x0; u{-),x0) = x{t{), 

w h e r e t h e a b s o l u t e l y c o n t i n u o u s func t ion x(t) sat isf ies o n [to,^i] t h e e q u a t i o n 

(2.4) x = f'x (x{t),u{t), t)x + fu (x(t), u(t),t) u(t) 

a n d t h e in i t i a l c o n d i t i o n 

(2.5) x(t0) = XQ. 

I n a n a t u r a l w a y t h e e n d p o i n t func t ions J , F, К i n d u c e t h e o p e r a t o r s J, F, K, d e 
f ined in a / ^ - n e i g h b o r h o o d of ( М ° ( ) , Ж Д ) , n a m e l y , 

J(u(-),x0) = J(x0;Xi(u(-),x0)), 

(2.6) F(u(-),x0) =F(x0;X1{u{-),x0)), 

K(u{-),x0) = К(ж0; X I ( M ( - ) , X 0 ) ) . 

N a t u r a l l y , t h e va lue of X\{U{-),XQ) is close t o x\ for sufficiently sma l l p° > 0. 
T h e r e f o r e , t h e o p e r a t o r s J,F,K for sufficiently sma l l p° > 0 a r e c o n t i n u o u s l y 
F r e c h e t d i f ferent iable in t h e / ^ - n e i g h b o r h o o d , a n d t h e i r de r iva t i ve s a r e g iven by 
t h e c h a i n ru le . T h u s , 

J'(u(-),x0; u(-),x0) = J'Xo(x0;Xi(u(-),xo))x0 

+ J'Xl(x0;Xi(u(-),xo))X[(u(-),x0; й(-),х0), 

F'(u{-),x0; й ( - ) , ж 0 ) = ^ о ( ж 0 ; Х 1 ( г * ( - ) , ж 0 ) ) ж 0 

+ F'Xl (x0\Xi(u{-),x0))X[(u{-),x0; м ( - ) , ж 0 ) , 

K'(u(-),x0; й(-),х0) = KXo(x0;Xi(u(-),xo))x0 

+ K'Xi {x0]Xi{u{-),x0))X[{u{-),x0; u{-),xo). 

N o w we a r e well e q u i p p e d for o b t a i n i n g t h e f i r s t -order n e c e s s a r y c o n d i t i o n s for a 
w e a k m i n i m u m . 

Define t h e n o t i o n of a weak minimum. W e s a y t h a t a w e a k m i n i m u m of t h e 
p r o b l e m (1.1)—(1.4) (on a fixed t i m e in t e rva l ) is a t t a i n e d o n t h e t r a j e c t o r y 

(x°(t),u°(t),t \ t e [t0,h]) 

if t h e r e is n o s e q u e n c e (un(t),x0n) such t h a t 

e s s s u p \un(t) — u°(t)\ —> 0, \xon — XQ\ ^ 0 (n —> oo) , 
te[t0M] 

( 2 - 8 ) JM-) ,*o») < J(v°(-U°o) = J(xo\*i), 

F(un(-),x0n) < 0, K(un{-),xon) = 0, n = l , 2 , . 
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T h e first-order c o n d i t i o n s for a weak m i n i m u m a re e x p r e s s e d in t e r m s of t h e 
F r e c h e t d e r i v a t i v e s of t h e o p e r a t o r s J,F,K a t t h e p o i n t ( W ° ( - ) , X G ) , i.e., t h e s e a r e 
c o n d i t i o n s w h i c h c a n b e e v e n t u a l l y e x p r e s s e d t h r o u g h t h e first d e r i v a t i v e s of t h e 
func t ions speci fy ing t h e p r o b l e m . Of course , we m e a n n e c e s s a r y c o n d i t i o n s . For 
o b t a i n i n g t h e m , we n e e d s o m e a d d i t i o n a l n o t i o n s a n d c o n s i d e r a t i o n s . 

S ince d(F) > 1, i.e., F = F2,..., F^p^), we define first of all t h e n o t i o n 
of an active index, w h i c h is well k n o w n in o p t i m a l c o n t r o l t heo ry . A n i n d e x i G 
{ 1 , . . . , d(F)} is ca l led ac t ive if ^ ( X G , X^1) = 0. D e n o t e b y Ia t h e set of ac t ive 
ind ices . 

L e t Г d e n o t e t h e se t of v e c t o r s f r e p r e s e n t a b l e as f = K'(u°(-), X[]; w(-), ж), 
w h e r e u(t) is a b o u n d e d m e a s u r a b l e func t ion o n [to,^i]- Obvious ly , Г is a s u b s p a c e 
of ~Rd(K\ W e will first c h a r a c t e r i z e t h e w e a k m i n i m u m u n d e r t h e "comple t e image11 

assumption, t h a t is, we a s s u m e first t h a t Г = R D ( K ) . I n t h i s case , if we h a v e a w e a k 
m i n i m u m a t t h e p o i n t ( М ° ( - ) , Ж Д ) , t h e n t h e following s y s t e m of l inear c o n d i t i o n s is 
i ncons i s t en t : 

J'(u0(-),x°0; й ( - ) , ж 0 ) < 0, 

(2.9) F!(u°(-),x%; й(-),х0) < 0 V* G / „ , 

K'(u°(-),x°0; u(-),x0) = 0. 

T h i s c a n eas i ly b e p r o v e d b y c o n t r a d i c t i o n . A s s u m e t h a t «*(•) , ЖО* sa t i s fy 
c o n d i t i o n s (2 .9) . S ince all t h e o p e r a t o r s in (2.9) a r e l inear w i t h r e s p e c t t o w(-), ЖД, 
t h e p a i r (£«*(•) , ежо*) for a n y E > 0 a lso satisfies all t h e c o n d i t i o n s (2 .9) . T h e l a s t 
c o n d i t i o n (2.9) imp l i e s 

\K(u°(-) + £ « * ( • ) , ЖД + е ж 0 . ) | = o (E) . 

T o g e t h e r w i t h t h e c o n d i t i o n Г = R D ( K ) t h i s impl ies , b y L y u s t e r n i k ' s t h e o r e m (see 
T h e o r e m 16.3 of P a r t 2) , t h a t for a n y E > 0 t h e r e ex i s t s a p a i r ( й е ( - ) , X Q E ) such t h a t 

e s s s u p \uE(t)I = o (E) , | X 0 E | = o (E) , 
(2 .Ю) TE[TO,TI] 

K(u°(-) + £ « * ( • ) + M E ( - ) , ^ 0 + £ ^ 0 * + X 0 E ) = 0. 

D e n o t e w ° ( t ) + £ w * ( t ) + w e ( t ) by u(t;e) a n d X G + E X O * + X O E BYXO(E) . T h e n , obvious ly , 

(2.11) K(u(-;e),x0(e))=0. 

O n t h e o t h e r h a n d , (2.10) imp l i e s t h a t 

e s s s u p \u(t; E) — u°(t)\ = O ( E ) , |XO(E) — X G | = 0(e). 

H e n c e we c a n a p p l y t h e first o r d e r Tay lo r e x p a n s i o n for J , F a t t h e p o i n t (u°(-), X G ) , 
w h i c h y ie lds 

J{u(- ; E ) , X 0 ( E ) ) - J ( M ° ( - ) , X G ) = J'(u°(-), x°0; u(-;e) - u°(-), X 0 ( E ) - X G ) + o ( E ) , 

F(u(-;e),x0(e)) = F(u°(-), x°0) + F'(u0(-), x°0; u(-;e) - u°(•),x0(e) - x°0) + o(e). 
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B y (2.10) t h i s imp l i e s 

J(u(-;e),xQ(e)) - J(u°(-),x°) = s?(u°(-),x°; « . ( • ) . * o . ) + ° ( e ) , 
2 U F(u(-;e),x0(e))=F{u0(-),x0

0)+eF'{uQ(-),x0

&, u . ( - ) , * o . ) + o{e). 

As a d i r e c t c o n s e q u e n c e of (2.9) we o b t a i n t h a t for sufficiently sma l l e > 0 

(2.13) J ( u ( - ; e ) , x 0 ( e ) ) < J(u0(-),x°0). 

C o n s i d e r t h e e x p a n s i o n for F. If i is a n ac t ive i ndex , i.e., i G Ia, t h e n 

^ ( м ° ( - ) , х ° ) = ^ ( 4 , ж ? ) = о. 

I n t h i s case (2.12) a n d c o n d i t i o n (2.9) i m p l y t h a t for s m a l l e > 0 

F(u(-;e),xo(e)) < 0. 

If i G- Ia, t h e n Fi(u°{-),x^) = Fi(x^xl) < 0, a n d (2.12) impl ies b y c o n t i n u i t y t h a t 
for sma l l e > 0 

Fi(u(-;s),x0{e)) < 0. 

T h u s we h a v e s h o w n t h a t for a n y i n d e x i G { 1 , . . . , d(F)} for sma l l e > 0 

(2.14) Fi(u(-;£),x0(s)) < 0. 

T h e i nequa l i t i e s (2 .13) , (2 .14) a n d t h e e q u a l i t y (2.11) i m p l y t h a t t h e r e is n o weak 
m i n i m u m a t t h e p o i n t (U°(-),XQ). T h i s p roves o u r a s se r t i on . 

T h u s we h a v e s h o w n t h a t t h e following a l t e r n a t i v e is a n e c e s s a r y c o n d i t i o n for 
a weak m i n i m u m a t t h e p o i n t (U°(-),XQ): 

e i t h e r 

or t h e l inear i nequa l i t i e s a n d t h e e q u a t i o n 

J'{u°(-),x°0; u,(-),xo) <0, 

(2-15) F;(U°(-),X°0; й(-),х0) < 0 Уг G / „ , 

K'(u°(-),x°0; й(-),х0)=0, 

a re i n c o n s i s t e n t . 
T h e def in i t ion of Г as well as t h e def in i t ions of F reche t de r iva t i ve s a t t h e p o i n t 

(U°(-),XQ) c o n t a i n on ly t h e first o r d e r d e r i v a t i v e s of t h e func t ions involved in t h e 
p r o b l e m o n t h e t r a j e c t o r y (x°(t), u°(i) J). H e n c e t h i s n e c e s s a r y c o n d i t i o n is a first 
o r d e r c o n d i t i o n . 

S ince t h e s p a c e s R ^ ) , R d ( F ) , R d W are finite-dimensional, t h e c o n d i t i o n s 
(2.15) involve a c t u a l l y o n l y a finite n u m b e r of l inear func t iona l s . T h e n t h i s cond i 
t i on h a s t h e following d u a l form (see T h e o r e m 16.5 of P a r t 2) : 
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T h e r e exis t сад, A , [3 s u c h t h a t 

(2 .16) «o > 0, A E R D ( F \ A > 0, [3 € 

(2.17) сад + |<x| + Щ > 0, 

(2.18) a F ( u ° ( - ) , a : § ) = 0 , 

A O J ' ( M ° ( - ) , X o ; W(-), X 0 ) + aF'(u°(-), x°0; u(-),x0) 

+ fJK'(u°(-),x°0; й(-),х0)=0 V W ( - ) , X 0 . 
(2.19) 

I t r e m a i n s t o r e w r i t e t h e s e c o n d i t i o n s as c o n d i t i o n s i m p o s e d d i r e c t l y o n t h e t r a j e c 

t o r y (x°(t),u°(t),t). Clear ly , o n l y t h e l a s t t w o c o n d i t i o n s h a v e t o b e modi f ied . 

S ince F(U°(-),XQ) = F(XQ,X1), c o n d i t i o n (2.18) c a n b e r e w r i t t e n as 

(2.20) aF(x%,x°1) = 0 . 

C o n s i d e r c o n d i t i o n (2 .19) . T a k i n g i n t o a c c o u n t t h e e q u a l i t y Xi(u°(-),x§) = x\ 
a n d fo rmulas (2 .7) , r e w r i t e (2.19) in t h e fo rm 

«o {J'X0 (XQ, X ? ) X 0 + J'Xi (x°0, x ? ) x ( t i ) ) + a(F'X0 (x°0, х ? ) х 0 + F'Xl (x°0, ж ? ) ж ( ^ ) ) 

+ (3(K>Xo (x°0, x ? ) x 0 + K'X1 ( x ° , = 0 

for all x(t) s u c h t h a t 

x{t) = f^(X°(T),U°(T),T)X(T) + U(X°(T),U°(T),T)u(T), x(t0) = x 0 . 

P u t 
/ ( x 0 , X ! ) = a0J(x0,xi) + aF(x0,x1) + F3K(x0,xi) 

( s u p p r e s s i n g t h e d e p e n d e n c e of / o n сад, A , / 3 ) . T h e n we o b t a i n t h a t (2.19) is 
equ iva l en t t o t h e c o n d i t i o n t h a t 

(2.21) C o ( x ° , x ? ) x 0 + C 1 ( x ° , x ? ) x 1 = 0 

for all x,\ s u c h t h a t x\ = x(ti) w i t h x(t) sa t i s fy ing t h e e q u a t i o n 

(2.22) x{t) = f'x ( x ° ( t ) , u°(t), t) x(t) + f'u (x°(t), u°(t), t) u(t), x ( t 0 ) = x0. 

L e t u s e x p r e s s t h e l e f t -hand s ide of (2.21) d i r e c t l y in t e r m s of u(t) a n d xo . 
L e t Ф ( 1 ) ( w i t h (1(Ф) = d(x)) b e a n a b s o l u t e l y c o n t i n u o u s o n [io, *i] s o l u t i o n of 

t h e e q u a t i o n 

(2 .23) - Т = Ф Ш И А * И ° Ш ) 

sa t i s fy ing t h e in i t i a l c o n d i t i o n 

(2 .24) Ф ( Г 1 ) = -1'Х1(х°0,х°1). 

M u l t i p l y i n g (2.22) b y Ф(Ь) a n d (2 .23) b y x(t) a n d s u b t r a c t i n g t h e l a t t e r p r o d u c t 
f rom t h e fo rmer we o b t a i n 

( 2 . 2 5 ) ^ ( Т Х Ю ) = Ф Т И Л * И ° № ) Т -
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I n t e g r a t i n g t h i s e q u a l i t y w i t h r e s p e c t t o t over [to,^i] we ge t 

(2 .26) ^ ( « i ) x ( t i ) - ^ ( t 0 ) x ( t o ) = / IL>(T)K(X0(T),U°(T),T)U(T) dt. 

I n v o k i n g t h e in i t i a l va lues x ( t 0 ) a n d (̂*i) g iven b y (2.22) a n d (2 .24) , we o b t a i n 

FTI 

-1'Х1{х%,х°1)х(Ь1) = ф(Ь0)х0+ / rl>(t)FI(x°(t),u°(t),t)U(t) dt. 

N o w c o n d i t i o n (2.21) c a n b e r e s t a t e d in t h e following form: 

{L'X0(X0,XL) ~ Ф(*О)) X0 

(2.27) FTI 

- ^(t)f^(x0(t),u°(t),t)U(t) dt=0 VU(T),X0. 

JTO 

Since u(t) a n d XQ a r e a r b i t r a r y a n d u n r e l a t e d t o each o t h e r , t h i s c o n d i t i o n is equ iv 
a len t t o t h e c o n d i t i o n s 

(2.28) Ф Ы = 1 М , х \ ) , 

(2.29) MFI(x°(t),u°(t),t)=0. 

I t r e m a i n s t o g a t h e r t h e c o n d i t i o n s o b t a i n e d in o r d e r t o f o r m u l a t e t h e n e c e s s a r y 
c o n d i t i o n for a w e a k e x t r e m u m in t h e final form. 

T H E O R E M 2 . 1 . If the trajectory (x°(t),u°(t),t 11 G [*o,*i]) « w e a k MINIMUM 

in the problem on a fixed time interval, then the following conditions necessarily 
hold. 

There exists a tuple A = (ao,a, [5;ф(Ь)) such that 

« О > 0, A = ( « I , . . . , « D ( F ) ) J 04 > 0 for each I, /3 G M . D ^ K \ 

(2.30) 4/j(i) is a n a b s o l u t e l y c o n t i n u o u s func t ion 

def ined on t h e i n t e rva l [to^iL ^(ф) = d(x), 

(2.31) aF(x°0,x°1) = 0, 

(2.32) ф(Г0) = 1 ' Х 0 ( х ° 0 , Х 1 ) , ф(Г1) = -1'Х1(х°0,х°1), 

where 

l(x0, x\) = a0J(x0, x\) + aF(xo, x{) + (3K(x0, X I ) , 

(2.33) - Ф ^ ) = ФШх(х0(Г),И°(Г),Г), 

(2.34) MFI(x°(t),u°(t),t)=o, 

(2.35) A0 + \A\ + \ P \ > 0 . 

Fol lowing o p t i m a l c o n t r o l t heo ry , we call (2.30) t h e incidence conditions, con
d i t i o n (2.31) is ca l led t h e complementary slackness condition, (2.32) a r e ca l led t h e 
transversality conditions, (2 .33) is ca l led t h e adjoint equation, (2 .34) is t h e local 
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maximality condition, a n d (2.35) is ca l led t h e nontriviality condition. W e refer t o 
t h e func t ion ip(t) a s t h e adjoint variable. 

A n a l y s i n g c o n d i t i o n s ( 2 . 3 0 ) - ( 2 . 3 5 ) , we see t h a t t h e s a m e func t ion d e p e n d i n g 
o n ф, x, u, t, n a m e l y 

Н(ф, x, и, t) = ф][х, и, t) 

a p p e a r s tw ice . U s i n g t h i s func t ion , we c a n r e w r i t e t h e e q u a t i o n x = f(x,u,t) in 
t h e fo rm 

dec 
(2.36) — = Щ(ф,х, u,t) 

dt 

a n d t h e ad jo in t e q u a t i o n in t h e fo rm 

(2.37) -^-=Нх(ф,х,и,г). 
dt 

T h e loca l m a x i m a l i t y c o n d i t i o n b e c o m e s 

(2.38) Hu(^(t),x0(t),u°(t),t) =0. 

T h e func t ion Н(ф, x, u, t) p l ay s a n i m p o r t a n t ro le in o p t i m a l c o n t r o l t h e o r y a n d is 
re fe r red t o as t h e Pontryagin function. 

Clear ly , c o n d i t i o n s ( 2 . 3 0 ) - ( 2 . 3 8 ) c a n b e a lso u s e d in t h e p r o b l e m of § 1, i.e., 
w h e n t h e t i m e in t e rva l is n o t fixed. 

I n t h e n e x t s ec t i on we will s h o w t h a t t h e we l l -known E u l e r e q u a t i o n for t h e 
s i m p l e s t p r o b l e m of t h e ca l cu lu s of v a r i a t i o n s is a c o n s e q u e n c e of c o n d i t i o n s ( 2 . 3 0 ) -
(2 .38) . 

3 . T w o e x a m p l e s 

E X A M P L E 3 . 1 . The simplest problem of the calculus of variations. T h i s is t h e 
p r o b l e m of t h e following form: 

(3.1) / f(x(f), x(f), t) dt —> m i n , x(to) = a, x(t\) = b. 
J t0 

H e r e [toj^i] is a fixed in t e rva l , a n d a a n d b a r e g iven v e c t o r s . 

I n o r d e r t o r e p r e s e n t t h i s p r o b l e m in t h e form (1.1)—(1.4), w h i c h in o p t i m a l con
t ro l is k n o w n as t h e canonical form, we p r o c e e d as follows. I n t r o d u c e a n a d d i t i o n a l 
s t a t e va r i ab l e у ( w i t h d(y) = 1) a n d cons ide r t h e s y s t e m of e q u a t i o n s 

(3.2) I = f(x,u,t), ft=u. 

Moreover , p u t 

(3.3) J(y0,x0,yi,xi) = yi - y0, K(y0,x0,yi,xi) = (x0 - а, хл - b). 

T h e n t h e p r o b l e m (3.1) c a n b e r e w r i t t e n in t h e fo rm 

J(y0,x0,yi,xi) —> m i n 
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u n d e r c o n s t r a i n t s 

K(yo,xo,Vi,xi) = 0, 

w h e r e t h e t r a j e c t o r y (y(t),x(t),u(t)) sat isf ies t h e e q u a t i o n s (3.2) on [ to ,^i]- T h i s is 
t h e c a n o n i c a l fo rm of t h e p r o b l e m , w h i c h p e r m i t s u s t o w r i t e d o w n t h e c o n d i t i o n s 
( 2 . 3 0 ) - ( 2 . 3 8 ) . 

As we k n o w , t h e ad jo in t v a r i a b l e b e l o n g s t o t h e s p a c e of t h e s a m e d i m e n s i o n 
as t h e s t a t e va r i ab l e . I n o u r p r o b l e m t h e s t a t e v a r i a b l e is t h e p a i r (y, x ) . H e n c e t h e 
ad jo in t v a r i a b l e is a l so a p a i r (фу,фх), w h e r e о](фу) = d(y) = 1 a n d d{^x) = d(x). 
T h e func t ion Я h a s t h e fo rm 

Я = ijjyf{x,u,t) + фхи. 

T h e func t ion / h a s t h e form 

/ = a0(yi - г/о) + Po(xo - a) + (5\{тл - b), 

w h e r e d(pi) = d(x), i = 0 , 1 . 
L e t a t r a j e c t o r y (x(t),u(t),t) sa t is fy t h e c o n d i t i o n s ( 2 . 3 0 ) - ( 2 . 3 8 ) . T h e ad jo in t 

e q u a t i o n for фу y ie lds 
d.ih.. 

= Hv = 0, 
Лфу 
dt 

s ince Я d o e s n o t d e p e n d o n y. T h e r e f o r e , фу(Ь) = c o n s t . A t t h e s a m e t i m e t h e 
t r a n s v e r s a l i t y c o n d i t i o n s i m p l y 

Фу (to) = l'yo = - « o -

H e n c e фу = —AT). 
L e t u s s h o w t h a t ao > 0 ( t h e a r g u m e n t s be low a re of ten u s e d in o p t i m a l 

c o n t r o l ) . A s s u m e t h e c o n t r a r y . T h e n фу = 0, h e n c e Я = фхи. T h e n t h e loca l 
m a x i m a l i t y c o n d i t i o n impl i e s t h a t фх(Ь) = 0. B u t b y t h e t r a n s v e r s a l i t y c o n d i t i o n s 

Фх^о) = l'X0 = Po, Фх(и) = ~l'Xl = -Pi, 

w h i c h impl ies t h a t Po = Pi = 0. A t t h e s a m e t i m e , ao + \Po \ + \Pi\ > 0 b y t h e 
n o t r i v i a l i t y c o n d i t i o n . T h u s we a r r i v e d a t a c o n t r a d i c t i o n . So, ao > 0. S ince ao, 
po, Pi e n t e r l i nea r ly i n t o t h e n e c e s s a r y c o n d i t i o n s , we m a y p u t ao = 1. H e n c e 
фу(Ь) = — 1 . The re fo re , 

Н(фуЦ), фхЦ);уЦ),x(t),u(t), t) = -f(x(t), u(t), t) + фхЦ)иЦ). 

I t r e m a i n s t o cons ide r t h e ad jo in t e q u a t i o n for фх(Ь) a n d t h e local m a x i m a l i t y 
c o n d i t i o n . I n t h i s case t h e s e c o n d i t i o n s h a v e t h e fo rm 

, ^ d^=f'x(x(t),u(t),t), 
(3.4) dt J x K w ' w ' ; ' 

фх(^ = f'u(x{t),u{t),t). 

T h e s e c o n d i t i o n s a r e well k n o w n in t h e c lass ical c a l cu lu s of v a r i a t i o n s . 
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If u(t) is a c o n t i n u o u s or p iecewise c o n t i n u o u s func t ion , we c a n e x c l u d e фх 

f rom t h e c o n d i t i o n s (3.4) b e c a u s e t h e s e c o n d c o n d i t i o n in (3.4) is t h e n fulfilled 
e v e r y w h e r e r a t h e r t h a n a l m o s t e v e r y w h e r e . O n d o i n g so, we o b t a i n 

jtfu{x{t),u{t),t) = fx{x{t),u{t),t). 

B u t u(t) = x(t). H e n c e we o b t a i n a s e c o n d o r d e r e q u a t i o n for x(t), w h i c h s h o u l d 
b e s u p p l e m e n t e d w i t h b o u n d a r y c o n d i t i o n s 

x ( to ) = a, x{ti) = b. 

E q u a t i o n 

— fx{x(t),x(t),t) = fx(x(t),x(t),t) 

is t h e we l l -known Euler equation. 

E X A M P L E 3 . 2 . Isoperimetric problem. I n t h i s e x a m p l e we cons ide r a p a r t i c u l a r 
p r o b l e m r a t h e r t h a n a c lass of p r o b l e m s . T h i s is t h e f a m o u s i s o p e r i m e t r i c p r o b l e m 
of t h e c lass ical c a l cu lu s of v a r i a t i o n s . I t s o r ig ina l f o r m u l a t i o n is as follows. 

A m o n g c losed c u r v e s on t h e p l a n e w i t h a prespec i f ied b o u n d o n t h e l e n g t h , find 
t h e c u r v e w h i c h enc loses t h e l a rges t 

C o n s i d e r one of t h e m o s t n a t u r a l f o r m a l i z a t i o n s of t h i s p r o b l e m . T h e c u r v e s 
o n t h e p l a n e will b e g iven in a p a r a m e t r i c form, a s s u m i n g t h a t t h e s t a t e v a r i a b l e is 
a n a b s o l u t e l y c o n t i n u o u s func t ion of t h e p a r a m e t e r . T h i s is a jus t i f i ed a s s u m p t i o n 
s ince t h e c u r v e s in t h e p r o b l e m a re a s s u m e d t o b e rec t i f iable . W e will a l so a s s u m e 
t h e p a r a m e t e r t t o r u n over t h e i n t e rva l [0 ,1] . 

T h u s , let x(t) b e a c losed c u r v e o n t h e p l a n e . As is well k n o w n , i t s l e n g t h 
e q u a l s 

l 
lil dt, 

Ю 
a n d it enc loses t h e 

l 
Vxx dt, 

о 
w h e r e V is a c e r t a i n s k e w - s y m m e t r i c c o n s t a n t m a t r i x . 

H e n c e we m a y cons ide r t h e following p r o b l e m : 

l 
Vxx dt —> m a x 

о 

u n d e r c o n d i t i o n s 
»i 

\x\dt<l, ж ( 0 ) = ж ( 1 ) . 
о 

T h i s p r o b l e m r e d u c e s t o t h e following c a n o n i c a l form: 
M i n i m i z e J = ZQ — z\ over t h e s o l u t i o n s of t h e s y s t e m of e q u a t i o n s 

dz dy dx 
— = Vxu, —- = \u\, —r- = и 
dt dt 1 1 dt 

u n d e r t h e c o n d i t i o n s y\ — yo < I, XQ = x\. 
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However , t h i s p r o b l e m I S n o t ye t O F t h e form s t a t e d I N § 1. T h e m a t t e r is t h a t 
t h e func t ion \u\ is n o t s m o o t h AT t h e p o i n t и = 0, w h e r e a s we cons ide r o n l y s m o o t h 
func t ions . B u t t h i s c a se m a y b e e x c l u d e d b y a s s u m i n g t h a t t h e va lue и = 0 d o e s 
n o t o c c u r o n t h e c u r v e s u n d e r c o n s i d e r a t i o n , s ince n e i t h e r t h e l e n g t h n o r t h e a r e a 
c h a n g e a s long a s t h e p o i n t o n t h e c u r v e " s t a n d s s t i l l" w i t h p a r a m e t e r v a r y i n g . W e 
h a v e a t o o l for t h i s p u r p o s e . Name ly , we i n t r o d u c e t h e set 

Q = {(z,y,x,u,t) \ u^0}. 

As A re su l t , we o b t a i n t h e following p r o b l e m : 

у = z0 - z-i -»• m i n , 

(3.5) y i - y o - l < 0, x i - x 0 = 0 , 

i = Vxu, у = \u\, x = и, и ф 0. 

T h e s y s t e m of e q u a t i o n s is c o n s i d e r e d o n t h e fixed i n t e rva l [0 ,1] . 
W e will find all t h e s o l u t i o n s sa t i s fy ing t h e n e c e s s a r y c o n d i t i o n ( 2 . 3 0 ) - ( 2 . 3 8 ) . 

T h e P o n t r y a g i n func t ion for t h e p r o b l e m (3.5) h a s t h e fo rm 

H = ipzVxu + фу\и\ + фхи, 

w h e r e в,{фх) = <1{фу) = 1, й{фх) = 2. S ince Н D O E S n o t d e p e n d on z a n d y, we 
o b t a i n b y t h e ad jo in t e q u a t i o n 

? / > Z ( T ) = C O N S T , Фу^) = C O N S T . 

I t is eas i ly s h o w n t h a t e i t h e r фх ф 0, or ф2 = фу = 0, ф = 0. I n d e e d , if фг = 0, 

t h e n Hx = 0 a n d t h e ad jo in t e q u a t i o n impl i e s t h a t фх = c o n s t . I n t h e ca se фг = 0 

t h e loca l m a x i m a l i t y c o n d i t i o n y ie lds 

и 
Фу~П + rx = 0. \u\ 

T h i s s h o w s t h a t e i t he r фу = фх = 0 or n e i t h e r of t h e s e func t ions van i shes . B u t in 
t h e l a t t e r case 

и 

и 
= cons t ф 0, 

w h i c h c o n t r a d i c t s t h e c o n d i t i o n t h a t t h e c u r v e is c losed, i.e., ж(0) = ж(1) . 
T h u s we have p r o v e d t h a t e i t h e r фг ф 0 or ф% = фу = 0, фх = 0. T h e l a t t e r 

poss ib i l i t y is e x c l u d e d b y t h e n o n t r i v i a l i t y c o n d i t i o n . I n d e e d , for t h i s p r o b l e m 

/ = a0(z0 - zi) + o.{y\ - yo) + P{x\ - ж 0 ) , 

w h e r e a0 > 0, a > 0, d{[3) = 2. F r o m t h e t r a n s v e r s a l i t y c o n d i t i o n s we see t h a t 

Фг = « О , Фу = -а, фХ(0) = фХ(1) = -f3. 

T h i s impl ies t h a t 

Фг = 0 , фу = 0, фх = 0 ^ > а 0 = а = 0, /3 = 0, 

h e n c e t h e n o n t r i v i a l i t y c o n d i t i o n is v i o l a t e d . 


